In this study, a streamfunction-vorticity (ψ−ξ) method is suitably used to investigate the problem of 2-D steady viscous incompressible flow in a driven square cavity with moving top and bottom wall. We used this method to solve the governing equations along with no-slip and slip wall boundary conditions at low Reynolds number. A general algorithm was used for this method in order to compute the numerical solutions for streamfunction ψ, vorticityfunction ξ for low Reynolds numbers Re ≤ 100. We have executed this with the aid of a computer programme developed and run in C++ compiler. We have also proposed the stability criterion of the numerical scheme used. Streamline, vorticity and isobar contours have been depicted at different low Reynolds numbers. For flows at Reynolds number Re=100, our numerical solutions are compared with established steady state results and excellent agreement is obtained.
Introduction
The problem of 2-D steady incompressible flow in a square cavity plays an important role in a number of industrial contexts such as coating, drying technologies, and melt spinning processes. It is also known that, the driven square cavity flow problem is not only technically important but also of great scientific interest because it displays almost all fluid mechanical phenomena in the simplest geometrical settings. A number of experimental and numerical studies have been conducted to investigate the flow field of a driven square cavity flow in the last several decades.
Briefly discussing the related literature: Comparison of finite-difference computations of natural convection has been investigated by Torrance [25] . Torrance and Rockett [26] have investigated a numerical study of natural convection in an enclosure with localized heating from below-creeping flow to the onset of laminar instability. Kopecky and Torrance [14] have investigated about the initiation and structure of axisymmetric eddies in a rotating stream. Bozeman and Dalton [3] have used the strongly implicit procedure to carried out the numerical solutions for the steady 2-D flow of a viscous incompressible fluid in rectangular cavities. Gupta and Manohar [11] have discussed the boundary approximations and accuracy in viscous flow computations. Ghia et al. [9] have used the vorticity-streamfunction formulation for the 2-D incompressible Naiver-Stokes equations to study the effectiveness of the coupled strongly implicit multigrid *Corresponding author Email addresses: vambethkar@maths.du.ac.in, vambethkar@gmail.com (V. Ambethkar), manojransiwal@gmail.com (M. Kumar) (CSI-MG) method in the determination of high-Re fine-mesh flow solutions. Schreiber and Keller [20] have discussed on the spurious solutions in driven cavity calculations. Gustafson and Halsi [12] have investigated the unsteady viscous incompressible Navier-Stokes flow in a driven cavity, with taking a particular attention to the formation and evolution of vortices and eddies. Bruneau and Jouron [4] have obtained the numerical solutions for the steady incompressible Navier-Stokes equations in a 2-D driven cavity in primitive variables by means of the multigrid method. Li et al. [16] have proposed a compact fourth order finite difference scheme for the steady incompressible Naiver-Stokes equations. Spotz [22] has investigated on the accuracy and performance of numerical wall boundary conditions for steady 2-D incompressible Naiver-Stokes equations using streamfunction-vorticity formulation. Demir and Erturk [6] have investigated numerically the wall driven flow of a viscoelastic fluid in rectangular cavity. Tian and Ge [23] have used a fourth-order compact finite difference scheme on the nine-point 2-D stencil for solving the steady-state Navier-Stokes/Boussinesq equations for 2-D incompressible fluid flow with heat transfer using the streamfunction-vorticity formulation. Zhang [29] has used fourth-order compact finite difference schemes with multigrid techniques to simulate the 2-D square driven cavity flow at low and high Reynolds numbers. Oztop and Dagtekin [17] have investigated the steady state 2-D mixed convection problem in a vertical two sided lid-driven differentially heated square cavity. Erturk et al. [7] have used the streamfunction-vorticity formulation to carry out the numerical computations of 2-D steady incompressible flow in a driven cavity using a fine uniform grid mesh of 601 × 601. Numerical solutions of 2-D steady incompressible flow in a driven skewed cavity was investigated by Erturk and Dursun [8] . Wahba [27] has investigated the numerical simulations for incompressible flow in two sided and four sided lid driven cavities. Perumal and Dass [19] have investigated the numerical solutions of 2-D unsteady viscous incompressible fluid flow in a two sided lid driven square cavity with horizontal walls in motion using streamfunction-vorticity formulation. Tian and Yu [24] have used an efficient compact finite difference approximation, named as five point constant coefficient second-order compact (5PCC-SOC) scheme, was proposed for the streamfunction formulation of the steady incompressible Navier-Stokes equations. Laminar mixed convection flow in the presence of magnetic field in a top sided lid-driven cavity heated by a corner heater was investigated by Oztop et al. [18] . Chamkha and Nada [5] have discussed on the numerical modeling of steady laminar mixed convection flow in single and double-lid square cavities filled with water-Al 2 O 3 nanofluid. Yu and Tian [28] have developed an effective compact finite difference approximation which carries streamfunction and its first derivatives (velocities) as the unknown variables for the streamfunction-velocity formulation of the steady two dimensional incompressible Navier-Stokes equations on non-uniform orthogonal cartesian grids. Numerical experiments on 1-sided and 2-sided lid driven cavity with aspect ratio = 1 and with inclined wall were performed by Anthony et al. [1] . Ismael et al. [13] have investigated the numerical solutions of the steady laminar mixed convection inside a lid-driven square cavity filled with water.
The literature survey with regard to 2-D steady incompressible flow in a driven square cavity revealed that to obtain high accurate and efficient numerical solutions, we need to depend on compact third and fourth order finite-difference schemes, higher order Jenson formulation and multigrid techniques which have been developed during the last three decades.
Although in most of the illustrated development vis-a-vis 2-D steady incompressible flow in a driven square cavity, they have developed compact new finite difference schemes which are highly accurate in terms of the numerical results. However, in most of the work cited above, they have not been able to show that they were successful in applying their methods to test the benchmark problem of driven square cavity with two moving top and bottom walls. Another lacking in the work cited above is that the behaviour of the velocity and pressure profiles and isobar contours along the horizontal and vertical line through the geometric center of the square cavity has not been depicted and described.
Due to enormous scope of industrial applications mentioned in the beginning of this introduction and also due to drawbacks and lacking mentioned above, we have been motivated to undertake the current study.
The main target of this work is to suitably use the streamfunction-vorticity method for solving the problem of 2-D steady incompressible flow in a driven square cavity with moving top and bottom walls. We have used this method to solve the governing equations along with no-slip and slip wall boundary conditions. The importance of these applications can be investigated only by determining numerical solutions of the unknown flow variables, streamfunction, vorticity function for low Reynolds numbers up to 50.
The design of the current work is as follows: Section 2 provides the physical description, governing equations of the 2-D steady incompressible flow in a driven cavity along with the boundary conditions for a square cavity, determination of pressure for viscous flow. Section 3 describes numerical discretization of governing equations and specification of boundary conditions. Section 4 provides proof of the stability of the numerical scheme used. Section 5 provides numerical computations and general algorithm for computation of numerical solutions of the flow variables. Section 6 discusses the numerical results. Section 8 lays out the conclusions of the study.
Problem Formulation
2.1. Physical Description. Figure 1 illustrates the geometry of the problem in this study along with the boundary conditions. ABCD is a square cavity in which incompressible viscous flow is considered. Now, by sliding infinite long plates lying on top and bottom of the cavity, vorticity along the walls of the cavity is generated. Suppose that all variables are normalised so that the size of the cavity is 1×1 and the sliding velocities are 1 and -1 in the positive and negative x-directions respectively. The boundary conditions are defined as no slip on the stationary walls (AB and DC) and as slip on the moving walls (AD and BC). We have assumed that, at all the four corner points of the square domain, the velocity components (u, v) and pressure P vanish.
Governing Equations.
In the present investigation, steady 2-D incompressible flow in a driven square cavity with no-slip and slip wall boundary conditions has been considered. The governing equations of 2-D steady incompressible viscous flow are the continuity equation, and the two components of the momentum equations. Using the Boussinesq approximations, the dimensionless governing equations of this problem are expressed as follows:
where u, v, P and Re are the velocity components along x and y axis, pressure and Reynolds number respectively. The no-slip and slip wall boundary conditions are on plate AB: u = 0, v = 0 on plate DC: u = 0, v = 0
Determination of Pressure for Viscous Flow. In the streamfunction-vorticity method, to obtain pressure at each grid point for viscous flow, it is necessary to solve an additional equation for pressure. This equation is derived by differentiating x-momentum equation with respect to x and y-momentum equation with respect to y and adding them together. The resulting equation is expressed as follows:
From the continuity equation for incompressible flow, we have
We obtain from equation (2.1),
2) is known as Poisson equation for pressure. A suitable second-order difference representation for right hand side of equation (2.2) is given as
Numerical Discretization
Discretization of the governing equations by finite difference method although a well-known technique we have adopted this technique in the present study due to its compatibility with the regularly shaped geometry, flow in a square cavity caused by moving plates. With the help of stream function-vorticity (ψ − ξ) formulation [10, p. 121], the governing equations of unsteady 2-D Navier-Stokes equations and the equation of continuity can be expressed as follows:
where Re is the Reynolds number, x and y are the Cartesian coordinates. Essentially, the system is composed of the Poisson equation for streamfunction (3.1) and the vorticity-transport equation (3.2) . It is intended to obtain the steady state solution from the discretized equations of (3.1) and (3.2) in a time marching fashion.
To obtain the numerical solutions, the coupled equations (3.1) and (3.2) need to be solved in an iterative manner. Thus, we have used the method developed by Torrance [25] for solving natural convection (Torrance and Rockett [26] ) and rotating flow (Kopecky and Torrance [14] ) problems, to carry out the numerical computations of the unknown flow variables: ψ, ξ, u, v, P for the present problem.
Consider a square numerical grid of size 1 × 1 having n horizontal interior grid lines and an equal number of vertical grid lines as shown in Figure 2 . Using the three point central differences to both derivatives in equation (3.1), then the discretized Poisson equation (3.1) for ψ can be written as
We choose ∆x = ∆y = h so that the above discretized equation reduces to
. Now, to solve the vorticity-transport equation (3.2) the computationally stable upwind-differencing scheme is used to approximate the first two terms on the right-hand side of this equation. We first define u f and u b as the average x-directional velocities evaluated, respectively, at half a grid point forward and backward from the point (i, j) in x direction, given as
Further defining,
the upwind differencing form is preserved. The terms multiplied by 1 Re are approximated by central-differencing schemes. For them we let
Finally, a forward-differencing scheme is used to approximate the time derivative, so that
in which ∆t is the size of the time increment and a prime is used to denote the value of a variable evaluated at time t + ∆t. Thus after rearranging terms, (3.2) becomes
Specification of Boundary Conditions.
On the left plate AB:
On the right plate DC:
On the top plate AD:
On the bottom plate BC:
The homogeneous Neumann boundary conditions for pressure are given by
where n is the normal direction. Elliptic equations with Neumann boundary conditions on all boundaries, such as the pressure equation (2.2), present an indeterminate problem, as the coefficient matrix of the finite-difference representation of the equation has one zero eigenvalue [2, p. 269 ]. Consequently, the resulting system of equations are linearly dependent and can not be solved uniquely. This can be alleviated by assigning a constant value to pressure at one reference point in the solution domain. We have assigned P=5 at one reference point in the solution domain. The resulting equations will be linearly independent and will have a unique solution. Thus, the pressure solution will be off by this constant, but the pressure gradient, which is the actual term that exists in the equation of motion, will be correctly calculated.
Stability of the Numerical Scheme
In this section, we will prove the stability and convergence of the numerical scheme obtained under the section numerical discretization based on the criteria suggested in [2, p. 239, [14, 25, 26] ]. To prove the stability of the numerical scheme given in equation (3. 3), we first rewrite it in the form:
Clearly, all the coefficients except for a 3 are positive, no matter what the flow direction is. According to the quasilinear analysis of Lax and Richtmyer [15] the scheme is stable if every coefficient in (4.1) is positive or, equivalently, if a 3 ≥ 0. Which shows that this requirement gives the stability criterion that
Hence, the numerical scheme we have used is conditionally stable. The scheme is consistent as the limiting value of the local truncation is zero as ∆t, ∆x and ∆y −→ 0. So, by Lax's equivalence theorem [21, p. 72 ], the given scheme is convergent.
Numerical Computations
We obtained the numerical computation of the unknown flow variables ψ, ξ, u, v, P for the present problem with the aid of a computer programme developed and run in C++ compiler. The input data for the relevant parameters in the governing equations like Reynolds number Re has been properly chosen incompatible with the present problem considered.
5.1. The Algorithm for Obtaining Numerical Solutions by Streamfunction-Vorticity Formulation. The algorithm for obtaining the numerical solutions by streamfunction-vorticity formulation consists of the following steps:
Step 1 Specify the initial values for ξ, ψ, u and v at time t = 0.
Step 2 Solve the vorticity transport equation (3.2) for ξ at each interior grid point at time t + ∆t.
Step 3 Iterate for new ψ values at all points by solving the Poisson equation (3.1) using new ξ values at interior points.
Step 4 Find the velocity components u = ∂ψ ∂y and v = − ∂ψ ∂x .
Step 5 Determine the values of ξ on the boundaries using ψ and ξ values at interior points.
Step 6 Return to step 2 if the solution is not converged.
Step 7 Solve the Poisson equation (2.2) for P using the calculated ψ values at each grid point.
Numerical Results and Discussion
We used the method developed by Torrance [25] for solving natural convection (Torrance and Rockett [26] ) and rotating flow (Kopecky and Torrance [14] ) problems, to carry out the numerical computations of the unknown flow variables: ψ, ξ, u, v, P for the present problem. We summarized an algorithm for streamfunction-vorticity formulation as described under 5.1 above. We used a computer code developed and run in C++ compiler to execute this. To verify our computer code, the numerical results obtained by the present method were compared with the bench mark results reported in [9] . It is seen that the results obtained in the present work are in good agreement with those reported in [9] at low Reynolds number Re=100. This indicates the validity of the numerical code that we developed. Figure 3 illustrates the variation of u-velocity along the vertical line through the geometric center of the square cavity for different Reynolds numbers Re=15, 30, 50 and 100. We observed that the absolute value of u-velocity first decreases, then increase, and finally, decreases in the vicinity of the top wall and the same behavior is observed below the geometric center for Reynolds number Re=15. We also observed that, the absolute value of u-velocity decreases in the vicinity of the top wall and the same behaviour is observed below the geometric center of the square cavity for Reynolds numbers Re=30, 50 and 100. Figure 4 illustrates the variation of v-velocity along the horizontal line through the geometric center of the square cavity at different Reynolds numbers Re=15, 30, 50 and 100. We observed that the absolute value of v-velocity first increases uniformly, and finally, converges to the boundary of the right wall. The behaviour of v-velocity from the left side wall towards the geometric center of the cavity is that it increases uniformly and converges at the geometric center of the cavity. We also observed that the absolute value of v-velocity from the left side wall towards the geometric center of the cavity first increases, then decreases as Reynolds number increases (from Re=15 to Re=100), and also the same behaviour is observed to the right side of the geometric center. Figure 4 . v-velocity profiles along the horizontal line through geometric center of the square cavity for Re=15, 30, 50 and 100. Figure 5 illustrates the vorticity vector along the horizontal line through geometric center of the square cavity for different Reynolds numbers Re=15, 30, 50 and 100. We observed that the absolute value of vorticity ξ first decreases, then increases, in between the left wall boundary to the mid of the square domain and the same behaviour is observed in between the midpoint to the right wall boundary of the square cavity for Reynolds numbers Re=15, 30 and 50. We also observed that the absolute value of vorticity first decreases, then increases, and finally, decreases in the vicinity of the right wall and the same behaviour is observed to left of the geometric center for Reynolds number Re=100. Figure 6 illustrates the variation of pressure along the horizontal line through geometric center of the square cavity at different Reynolds numbers Re=15, 30, 50 and 100. We observed that, the pressure first increases then decreases till the geometric center of the square cavity and the same behaviour is also observed to right of the geometric center for Re=15 and 30. The pressure value first increases, then decreases, and finally increases in between the left wall boundary and the geometric center of the cavity and the same behaviour is observed in the vicinity of right wall boundary for Re=50 and 100. Figure 7 illustrates the variation of pressure along the vertical line through geometric center of the square cavity at different Reynolds numbers Re=15, 30, 50 and 100. We observed that, the pressure first increases, then decreases, again it increases and finally decreases above the geometric center of the square cavity, and the same behaviour is observed below the geometric center of the square cavity for Re=15, 30, 50 and 100. The streamline contours for different Reynolds numbers Re=15, 30, 50 and 100 have been depicted in Figure 8 . We observed that two small streamline contours are generated, one above the geometric center and the other below the geometric center in clockwise direction at Reynolds number Re=15 while a single streamline contour is formed at the geometric center of the cavity for Reynolds numbers Re=30, 50 and 100. The vorticity contours for different Reynolds numbers Re=15, 30, 50 and 100 have been depicted in Figure 9 . We observed that, as the Reynolds number increases, the vorticity contours started rotating in the same direction as the direction of the moving top and bottom walls and finally they rotate around the geometric center of the square cavity in clockwise sense. The Isobars for different Reynolds numbers Re=15, 30, 50 and 100 have been depicted in figure 10 . Isobars are the lines which connect points of equal pressure. Figure 10 shows a number of curves with a particular number on it, which represent the pressure value on that curve. We observed that the maximum and minimum value of pressure are 5.1 and 4.9 respectively, for Re=50. In figure 10 , a small blue colour contour shows the smallest value of pressure. 
Code Validation
To check the validity of our present computer code used to obtain the numerical results of u-velocity and v-velocity, we have compared our present results with those benchmark results given by Ghia et al. [9] and it has been found that they are in good agreement. 
Conclusions
The main conclusions of this study are as follows: (i) The absolute value of u-velocity in the vicinity of the top and bottom walls of the square cavity first decreases, then increases.
(ii) The absolute value of v-velocity in the vicinity of left and right walls of the square cavity first increases, then decreases. (iii) The absolute value of vorticity in the vicinity of left and right walls of the square cavity first increases, then decreases and finally, increases. (iv) The absolute value of pressure along the horizontal and vertical line through geometric center of the square cavity first decreases, then increases.
(v) We found that two small streamline contours are generated, one of them is above the geometric center and other is below the geometric center in clockwise direction at Reynolds number Re=15. (vi) As the Reynolds number increases, the vorticity contours started rotating in the same direction as the direction of the moving top and bottom walls and finally they rotate around the geometric center of the square cavity in clockwise sense. (vii) The maximum and minimum value of pressure are 5.1 and 4.9 respectively, for Re=50.
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